Bounds for the bulk heat transport in Rayleigh-Benard convection for an in nite Prandtl number uid are derived from the primitive equations. The enhancement of heat transport beyond the minimal conduction value (the Nusselt number Nu) is bounded in terms of the nondimensional temperature di erence across the layer (the Rayleigh number Ra) according to Nu c Ra 2=5 where c < 1 is an absolute constant. This rigorous upper limit is uniform in the rotation rate when a Coriolis force, corresponding to the rotating convection problem, is included.
Introduction
Rayleigh-Benard convection, where a uid layer heated from below produces an instability leading to convective uid motions, has played a central role in both the experimental and theoretical development of the modern sciences of nonlinear dynamics and physical pattern formation. Driven far beyond the instability, thermal convection becomes turbulent. Heat transport by convective turbulence is an important component of a wide variety of problems in applied physics ranging from stellar structure in astrophysics 1], to mantle convection and plate tectonics in geophysics 2], to transport in physical oceanography and atmospheric science 3] . One of the fundamental quantities of interest in these systems is the total heat transport across the layer, usually expressed in terms of the nondimensional Nusselt number Nu, the enhancement of heat ux beyond the minimal conductive value. This ux is a function of the buoyancy force across the layer, usually measured in units set by the layer geometry and material dissipation parameters as the Rayleigh number Ra. There are at least two other parameters in these systems: The Prandtl number P r, a material parameter, is the ratio of di usivities of momentum and temperature. And the aspect ratio A, the ratio of the cross-sectional length scale(s) to the layer depth, is a geometric parameter characterizing the convection domain.
A major goal of both theory and experiment is to elucidate the Nu?Ra relationship, which is expected to take the form of a scaling law Nu Ra (1.1) in the high Rayleigh number limit of fully developed convective turbulence. It is generally assumed that the high Ra scaling law will be independent of the aspect ratio, and independent of the Prandtl number for nite values of P r. Great interest centers on the asymptotic (as Ra ! 1) value of the scaling exponent .
For many applications there is a relatively uncontroversial model of the phenomena, the so-called Boussinesq equations. This model consists of the heat advection-di usion equation for the local temperature coupled to the incompressible Navier-Stokes equations via a buoyancy force proportional to the local temperature. There have been many theoretical predictions|as well as more than a few a posteriori explanations| for the numerical value of the scaling exponent based in part on this model 4]. And while a number of laboratory experiments over the last two decades 5, 6, 7, 8, 9] have produced data yielding clear scaling over many orders of magnitude variation in Ra (modulo logarithmic modi cations). This scaling is distinguished in that the physical heat ux is then independent of the material transport coe cients 1], and additionally in that this Rayleigh number dependence is in accord with the most general rigorous upper bounds on the heat transport derived from the Boussinesq equations 11] with at most mild statistical assumptions 12]. In particular the best high Ra rigorous bounds to date are of the form Nu c Ra 1=2 uniform in the Prandtl number for 0 < P r 1. Several recent experimental investigations have suggested some indication of the eventual realization of this = 1=2 limit 6, 7] , but others have concluded that this regime may not be achieved 8, 9] .
In this paper we focus on a speci c version of the problem modeled by the in nite Prandtl number limit of the Boussinesq equations. Then the inertial terms in the momentum equations are neglected and the velocity vector eld is linearly slaved to the temperature eld. The in nite Prandtl number limit is the standard model for mantle convection studies 2] in terrestrial geophysics where P r 10
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, and it is often taken as a reasonable description of high Prandtl number convection at moderate Rayleigh numbers. The Reynolds number is always small for in nite Prandtl number, and the expectation for the high Rayleigh number scaling of the Nusselt number is modi ed accordingly. The scaling Nu Ra 1=3 was predicted on the basis of marginally stable boundary layer arguments 13, 14] , and this value of is distinguished in that it yields a nite heat ux into a semi-in nite layer. This 1=3 scaling is also predicted as an upper limit of the in nite Prandtl number limit of the Boussinesq equations on the basis of an approximate treatment of an upper bound analysis utilizing mild statistical hypothesis 15]. More recently, the suggestive high Rayleigh number bound The e ect of rotation on convective heat transport is an important issue in astrophysical and geophysical applications, and it has also been the subject of recent laboratory studies 17]. Rotation is modeled by the addition of a Coriolis force to the momentum balance in the Boussinesq model, and introduces another nondimensional variable into the system, the Taylor number T a, which is proportional to the square of the rotation rate. Rotation modi es the transition from conduction to convection 18, 19] , and generally rotation is observed to suppress convective heat transport in accord with the Taylor-Proudman theorem. The mathematical analysis of the e ect of rotation in terms of its e ect on rigorous bounds for convective heat transport is only partially successful however, because to a great extent the existing bounding techniques utilize energy balances. The Coriolis force does no work, so it drops out of the analysis. Indeed, the Nu c Ra There has been considerably more success for the analysis of the e ect of rotation on in nite Prandtl number convection. When the Coriolis force is introduced directly into the linear slaving of the velocity eld to the temperature eld, it remains e ective when the full momentum equation|and not just the energy balance|is utilized as a constraint in the analysis. A bound on Nu . For xed rotation this bound has a reasonable Rayleigh number dependence, but the overall dependence on the Taylor number is in the \wrong" direction.
The new results in this paper are to derive another rigorous upper bound for the Nusselt number in the in nite Prandtl number model which is e ective for a range of Rayleigh and Taylor numbers. We will prove that The rest of this paper is organized as follows. In the next section we present a full description of the Boussinesq model of uid convection along with the precise de nitions of the dependent and independent variables, some basic identities, and a little preliminary analysis. Section 3 contains the upper bound computation, all the relevant estimates, and two proofs of the 2=5 bound, without and with rotation.
Formulation of the Problem
We begin with the Boussinesq model of uid convection in a rotating reference frame. A layer of uid is con ned between horizontal rigid planes separated by vertical distance h. The bottom plate at z = 0 is held at constant temperature T bottom , and the top one at z = h is held at temperature T top ; both plates are no-slip as regards the uid motion. The z-axis is the vertical direction, the direction in which gravity acts and the direction of the axis of rotation. The unit vectors in the x, y and z directions are, respectively, i; j; k, and the velocity eld is u(x; t) = iu + jv + kw.
The temperature eld is T (x; t). Neglecting compressibility everywhere except in the buoyancy force, and scaling the density to one, the velocity eld, the pressure eld p(x; t), and temperature eld are governed by the Boussinesq equations In the above, is the rotation rate, is the kinematic viscosity, g is the acceleration of gravity, is the thermal expansion coe cient, and is the thermal di usion coe cient. Incompressibility together with the no-slip boundary conditions lead to the supplementary boundary condition @w @z = 0 at z = 0; h : (2.4) In this work we restrict attention to periodic boundary conditions on all dependent variables in the horizontal directions with periods L x and L y .
The standard nondimensional formulation of the problem is realized by measuring lengths in units of the layer depth h, time in units of the thermal di usion time h 2 is a material parameter. In the remainder of this paper we shall be concerned with the in nite Prandtl number model where the inertial terms in the momentum equations (2.5) are dropped so that the velocity eld is linearly slaved to the temperature eld:
(2.12)
The fourth pure number characterizing the model is the aspect ratio of the system, which we de ne to be the nondimensional area on the layer, for the long time average of f. In the event the limit above does not exist (or is not unambiguously unique), we may interpret the de nition in terms of the limit supremum as regards the upper bounds to be derived here. Straightforward manipulation of the equations of motion yield a variety of expressions for the Nusselt number in terms of solutions to (2.7), (2.15) and (2. The goal of the analysis is to produce apriori bounds for the function Nu(Ra; T a; A).
We will derive bounds that are uniform in the rotation rate and the aspect ratio, so for convenience we will refer to the Nusselt number as simply Nu(Ra).
A useful decomposition
A device that we shall use throughout is the decomposition of the temperature eld into a steady \background pro le" and a time dependent uctuation eld:
T (x; t) = (z) + (x; t) : (2. 25)
The background pro le (z) is, for the moment, arbitrary except that it satis es the boundary conditions on T (x; t). That is, 
Upper bounds
The derivation of upper bounds on the convective heat transport is based on the basic decomposition in (2.31). >From this starting point we follow two distinct paths to producing e ective rigorous estimates for Nu(Ra). One approach is to choose the background pro le (z) to assure non-negativity of the quadratic form . We will see that while the rst approach can be carried out to derive a bound Ra 2=5 in the absence of rotation, i.e., for T a = 0, the second approach produces a similarly scaling bound uniform in T a for all ?1 < T a < 1, albeit with a slightly larger prefactor.
In both approaches the background pro le is chosen so that the support of 0 (z) is concentrated near the boundaries where w and are forced to vanish due to the boundary conditions. In particular we take where the adjustable parameter (0 1 2 ) is referred to as the \boundary layer" thickness of the pro le. Then 0 (z) vanishes in the bulk, and is the constant ? 1 2 within distance of the isothermal boundaries. With this choice of background pro le, both approaches rely on detailed local estimates for and w in the boundary layers near z = 0 and z = 1.
The 2/5 bound without rotation
First we treat the case of no rotation, i.e., T a = 0. Then the vertical velocity w satis es 2 w = ?Ra H (3.3) together with the boundary conditions in (2.17). The procedure is now to show that we may choose the background pro le's boundary layer thickness small enough (depending on Ra) to ensure that the quadratic form Q in (3.1) is non-negative. Then the bound will be Nu 1 2 . We go over to the Fourier series representation to derive su cient conditions for the non-negativity of Q. Decomposing Q mode by mode in the translation invariant horizontal directions, we observe that it will be non-negative when for each horizontal wavenumber k, Note that w k also satis es w ?k (z) = w k (z) . In this subsection we will also use k k to denote the L 2 norm and k k 1 to denote the . Of course a similar estimate holds for the growth away from the boundary at z = 1.
We may obtain control of higher derivatives of w k (z) in terms of the L 2 norm of k which will result in the growth of w k (z) away from the boundaries being bounded by a higher power of the distance to the wall. Squaring (3.6) and integrating from 0 to 1, and integrating by parts where the boundary conditions permit, we have (3.14)
We note that this lemma is not true unless both sets of boundary conditions are satis ed. Counterexamples are the functions f(z) = 2z This proof does not go through when T a 6 = 0, however, because we cannot establish the highest derivative control in (3.13).
The 2/5 bound with rotation
In the presence of rotation we adopt another strategy to derive the 2/5 scaling bound, albeit with a slightly larger prefactor. When T a 6 = 0 we cannot use the tight z 2 bound on w near the boundary because we cannot produce an e ective estimate for the fourth derivative of w in L 2 . We can, however, establish a z 3=2 growth. Then we do not require that the quadratic form Q be non-negative, but rather we nd an a priori estimate for Q and then adjust the background boundary layer thickness to make the best of it.
Consider rst the temperature eld. Because T (x; t) solves the advection-di usion equation (2.7), it satis es a maximum principle. That is, if the initial data T (x; 0) is bounded pointwise between the values at the boundaries, i.e., if 0 T (x; 0) 1, then the solution subsequently sustains those limits: 0 T (x; t) 1. The background prole in (3.2) is also bounded pointwise in magnitude between 0 and 1, so the uctuation also obeys the same limits. Hence A similar estimate holds near the top boundary at z = This bound is independent of the rotation, i.e., uniform in T a for 0 T a < 1, and valid so long as the initial temperature data lie between the temperatures at the boundaries.
